Calculus and Vectors — How to get an A+

6.5 Vectors in R? and R®

A Polar Coordinates
Given a Cartesian system of coordinates, a 2D
vector v may be defined by its magnitude || v || and

the counter-clockwise angle 6 between the
positive direction of the x-axis and the vector.

A
y =

V]
0

The pair (||v|],0) determines the polar coordinates
of the 2D vector and v = (|| v |,0).

Ex 1. Express each vector in polar coordinates in the
formv =(|v],6).

a)||la|=6, 0=45°=a=(6,45°)

b) |b|=4, 0=270°—72°=198°= b = (4,198°)

B Scalar Components for a 2D Vector

Let consider a 2D vector with the tail in the origin of
the Cartesian system. Parallels through its tip to
the coordinates axes intersect the x-axis at v, and

the y-axis at v, .

The pair (v,,v,) determines the scalar coordinates
of the 2D vectorand v =(v,,v,).

Ex 2. Express each vector in scalar coordinates in the
formv=(v,,v,).

y
\ A
a
2 2 R
[0 \'\ - X
5

—2
a) d=(-23)
b) b =(4,-1)

C Link between the Polar Coordinates and
Scalar Components

To convert a vector from the polar coordinates
v=(||v],0) to the scalar components v =(v,,v,),

use the formulas:
v, =|| v cosd

v, =[[V||sind

To convert a vector from the scalar components
v=(v,,v,) tothe polar coordinates v = (|| v ,0),

use the formulas:

2

|V |I= /vy +vy2 (to get the magnitude)

v,
tand = - (to get the direction)
v

X

Ex 3. Do the required conversions.

a) Convert a =(10,120°) to the scalar coordinates.

ld|=10, 6=120°
a, =||a||cosf =10c0s120°=-5
a, =) d||sin6=10sin120° =53

G =(-553)

b) Convert b= (—4,-7) to the polar coordinates.

161, +5," =47 + (-1 =65

a —_
tanez—y=—7=%:>e:tan*1(7/4)+180°=24o.26°

a, -4

X

b =(:/65,240.26°)
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D Magnitude of a 2D Algebraic Vector
The magnitude of a 2D algebraic vector v =(v,,v,)

is given by:

- 2 2
[VIEyv" 4,

Ex 4. Find the magnitude of the following 2D vector:
v=(4,-3).

||9|\=\/vx2+vy2 =42 +(=3)2 =V16+9 =425 =5

E Standard Unit Vectors
The unit vectors i =(1,0)and j =(0,1) are called the

standard unit vectors in 2D space. See the figure to
the right.

V=5
y
; = (Oal) _
F (1.0) ’

F Vector Components for a 2D Vector
Any vector v may be decomposed into two

perpendicular vector components v, and v, ,
parallel to each of the standard unit vectors.

The link between the scalar components and the
vector components is given by:

Vx = VxlT

v, = v}j
A 2D vector may be written in algebraic form as:

V=v v, =vd 4y, =(vy,vy)

Ex 5. Convert the vector v =—2i +5 into the form

V=(v,,v,).
LV ==2i +5] =(=2,5)

Ex 6. Convert the vector v = (4,-6) into the form

V=vid v, .

S V=(4-6)=4i —-6]

Ex 7. Find the vector components for a = (-3,-5) .

—

a,=-3 =(-3,0), a,=-5j=(0,-5)

G Position 2D Vector

The directed line segment 55, from the origin O to
a generic point P(x,y) determines a vector called
the position vector and:

aﬁ=(x,y)=xz7+y]'

Ex 8. Find the algebraic position vector 04 , Wwhere
A(-2,-3).

OA=(-2,-3)=-2i -3

H Displacement 2D Vector

The directed line segment AB from the point
A(x 4,y 4) tothe point B(xz,yz) determines a

vector called the displacement vector and:

AB=(xg—x,4,yp—Y4)=(xp _xA);+(yB _J’A)j

Ex 9. Find the algebraic displacement vector ATV, where

M(2,-1) and N(0,2). Draw a diagram.
MN =ty =330,y = ¥uy) = (0-2.2=(=1)) = (-2.3)
< MN =(-2,3)=—2i +3

=

\ 4
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| Direction Angles

Let consider a 3D coordinate system and a 3D
vector v with the tail in the origin O.

Direction angles are the angles «, g, and

y between the vector and the positive directions of
the coordinates axes:

<l

v

J Scalar Components of a 3D Vector

Let consider a 3D coordinate system and a 3D vector v with
the tail in the origin O . Parallel planes through its tip to the
coordinates planes intersect the x-axis at v, the y-axis at v,

and the y-axis at v, .
A Z

<l
v <

The triple (v,,v,,v,) determines the scalar components of
the 3D vector and v = (VisVysV,) -

K Link between the Direction Angles and the 3D
Scalar Coordinates
The link between the direction angles («, S, and

y ) and the scalar components of a vector (v_, v

x1 Yy

and v, ) is given by:

P

v

\
QX m———
=

v, =||V] cosx
v, =[|V][cos B

v, =[|vilcosy

and by:
- 2 2 2
IVIEyve +v," +v,
v
cosa =—=
vl
v
cos B =—2
vl
v
cosy =—=
vl
Note that:

2 2 2
cos“a+cos” f+cos”y=1

Ex 10. The magnitude of a vector a is ||a|=20 and the
direction angles are a = £(a,0x)=60°, = /Z(a,0y)=45°,
and y = Z(a,0z) = 60° . Write the vector a in the algebraic
form (using the scalar components).

a, =||la|lcosa =20cos60°=10

a, =l|allcosf = 20c0s45° =10v2

a, =||al|cosy =20cos60° =10
~.d=(10,10§2,10)=107 + 1052 +10k

Ex 11. Find the direction angles for the vector

i=-21+3j—k .
— 2 2 2 2 2 2 _
i ll=yJu,” +u,” 4. =y(-2)* +3% +(=1)* =414
cosa=—2-=——=a=cos | — [=122.31°
il V14 V14
u 3 o3
cosff=—2= = S =cos (—j =36.70°
lall 14 V14
u -1 _1( —1J
cosy=—F-=——==y=cos | — [=105.50°
Il 14 Ji4

L Magnitude of a 3D Algebraic Vector
The magnitude of a 3D algebraic vector
v=(v,,v,,v,) is given by:

= 2 2 2
[VIEyve +v," +v,

Ex 12. Find the magnitude for the vector v =(2,-3,4) .
1712 v+, 40,2 =22 4(-3) +4 =29
SV =29 25.39
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M 3D Standard Unit Vectors
The unit vectors 7 =(1,0,0), j=(0,1,0),

k= (0,0,1) and are called the standard unit vectors
in 3D space. See the figure to the right.

N

]; = (0,0,1)% ; = (09190)

x ‘/AZ/= (1,0,0)

v

N Vector Components for a 3D Vector
Any 3D vector v may be decomposed into three

perpendicular vector components v, , v, and v_,

parallel to each of the 3D standard unit vectors.

—_ - —

V=V, v, 4y,

The link between the scalar components and the
vector components is given by:

— - —

C =Vl V=V, J, v =vk

A 3D vector may be written in algebraic form as:

v

V=V v, v, =vid v vk = (v, vy, v,

Ex 13. Convert the vector v =-3i —4 + 2k into the form

‘7 = (Vx,Vy,VZ) "
SV =-30 —4] +2k =(-3,-4,2)

Ex 14. Convert the vector v =(-3,4,-5) into the form

v :vxf+vy}+v21€ .
SV =(=3,4,-5)=-3( +4] -5k
Ex 15. Find the vector components for a = (4,0,-3) .

z

a, =41 =(4,00), a,=0=(0,00), a,=-3k =(0,0,-3)

O Position 3D Vector

The directed line segment aﬁ from the origin O to
a generic point P(x,y,z) determines a vector called
the position vector and:

OTD:(x,y,z)=x1T+yj+zl€

Ex 16. Find the algebraic position vector aé, where
P(3,-2,4). Draw a diagram.

OP=(3,-2,4)=3( -2 +4k

vV =

P Displacement 3D Vector

The directed line segment 4B from the point
A(x4,v4,2,4) tothe point B(xgz,yz,z5) determines
a vector called the displacement vector and:

AB=(Xg =X,V — V425 —Z4)

=(xp _xA)lT"'(yB _J’A)j+(ZB _ZA)/;

Ex 17. Find the algebraic displacement vector FQ , Where
P(1,-2,3) and O(-2,3,-4).

PO=(xg—Xp,yp—Vp.29 —Zp)
=(2-13-(-2),~4-3)=(-3,5-7)=-3i +5] -7k

Reading: Nelson Textbook, Pages 310-316

Homework: Nelson Textbook: Page 316 #10cb, 15, 16ad, 18, 19
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