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Unit 3: Curve Sketching, Optimization, and Related rates 
Lesson 3.1: Interval of increase/decrease and critical points  
 
Part I: Interval of increase/decrease 
 

 
We say that a function f is increasing on an interval if, for any value of 𝑥" < 𝑥$ on the interval, 𝑓(𝑥") <	 𝑓(𝑥$). 
Similarly, a function f is decreasing on an interval if, for any value of 𝑥" < 𝑥$ on the interval, 𝑓(𝑥") > 	𝑓(𝑥$). 
 

 
 

For a function f that is continuous and differentiable on an interval I,  
• 𝑓(𝑥) is increasing on I if 𝑓*(𝑥) > 0 for all values of x. 
• 𝑓(𝑥) is decreasing on I if 𝑓*(𝑥) < 0 for all values of x. 

 
 

 
Example 1: Use derivative to reason about intervals of increasing and decreasing 
 

𝑦 =
𝑥

𝑥$ + 1
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Part II: Critical points 
 

 
Critical point and extreme values: For a function f(x), a critical number is a number, x, in the domain of f(x) such that 
𝑓*(𝑥) = 0 or 𝑓*(𝑥) is undefined. As a result, (c, f(c)) is called a critical point and usually corresponds to local or 
absolute extrema.  
 
More specifically, maximum happens as the sign of 𝑓*(𝑥) has a transition from positive to negative; whereas 
minimum happens when sign changes from negative to positive.  
 

 
 
Example 2: Find critical point, extrema, and intervals of increase and decrease.  
 

a) 𝑦 = 𝑥0 − 8𝑥3 + 18𝑥$                                                                      b)  y = (𝑥 + 2)
6
7         
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Practice: Find out local max/min, abs max/min, and interval of increase and decrease. 

a) 𝑓(𝑥) = 𝑥 + 0
8
, [1, 10] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b) 𝑓(𝑥) = 4√𝑥 − 𝑥, [2, 9] 
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Unit 3: Curve Sketching, Optimization, and Related rates 
Concavity, second derivative, and curve sketching 
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Example 1: Sketch the graph of y = 𝑥3 − 3𝑥$ − 9𝑥 + 10 
 
Algorithm:  
Step 1: x-intercept and y-intercept 
Step 2: Asymptotes and end behavior 
Step 3: First derivative – Interval of increase and decrease & Point of local maximum and minimum (absolute 
maximum/minimum if necessary) 
Step 4: Second derivative –  interval of concavity & Point of inflection 
Step 5: Put all together and do curve sketching  
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Example 2: Sketch the graph of 𝑦 = 87

86@"
 with slant asymptotes in a form of 𝑦 = 𝑚𝑥 + 𝑏, getting from long division.  

  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Practice: Sketch the graph of 𝑓(𝑥) = 086C3
87

. 
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Example 3: Sketch the graph of 𝑓(𝑥) = DEF8

"CDEF8	
,						[−𝜋, 𝜋] 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Practice: Sketch the graph of 𝑓(𝑥) = 4𝑠𝑖𝑛$𝑥 − 1,						[0, 2𝜋]  
 

 


