Calculus and Vectors — How to get an A+

6.7 Operations with Algebraic Vectors in R®

A 3D Algebraic Vectors
A 3D Algebraic Vector may be written in components
form as:
V=(Vy,Vy,v,
or in terms of unit vectors as:
V=vi+ vy]’+ vzl_c.
and has a magnitude given by:

—~ 2 2 2
[VIEve +v," 4V,

Ex 1. Consider the vector d=—i +37 -2k .

a) Write the vector in components form.
G=—i+3j -2k =(~13,-2)

b) Find the magnitude of the vector a.
ldlleya, +a,> +a.? =(-1)?+3 +(-2)°

i

B Addition of 3D Algebraic Vectors
The sum of two 3D algebraic vectors

a=(a,a az)=axf+ay]+azl€ and
b=(b,b b ):bx7+b},]+bzl€ is a 3D algebraic vector
given by:

d+b=(a,d+a,j+ak)+(bi+b,j+b.k)
=(a, +b)i +(a, +b,)j +(a, +b,)k
a,.a.)+(b,.b,.b,)
=(a,+by,a,+b,,a. +b,)

ﬁ+l;=(ax,

Ex 2. Find the sum of the vector @ =-2i +5j—k and
b =(2,0,-3).

S=d+b=(-2,5-1)+(2,0,-3)
=(-2+2,5+0,-1-3)=(0,5-4) =5/ —4k

C Subtraction of 3D Algebraic Vectors
The difference of two 3D algebraic vectors
a=(ay.a,,a,)= ax17+a}j +azl€ and
b=(b,.b,b.)=bi+b,j+b.k is a3D algebraic vector
given by:
G—b=(a,i+a,j+ak)—(bi+b,j+bk)
=(a, —b)i +(a,—b,)j +(a,—b)k
i-b=(a,.a,,a.)—(b..b,.b.)

:(ax - x’ a, _byﬂaz _bz)

Ex 3. Find the magnitude of the difference a—b
between the vector a=i —j and b =(1,2,-1).

i—b=(1-1,0—(12,-)=(1-1,-1-2,0+1)
=(0,-3)=-37+k

ld~b=4/0% +(=3)* +1* =410

D Multiplication of 3D Algebraic Vector by a Scalar
The multiplication of a 3D algebraic vector
d=(aya,.a,)=a,+a,j+ak byascalar 1isa3D
algebraic vector given by:

Ad=Mayi +a,j+a.k)=(Aa,)i +(la,)] +(la,)k

Aa = /,i(axaayaaz) :(j’axa/’iaya/’iaz)

Ex 4. Given d =(1,-2,0), b =(0,-2,-3), and ¢ =(-1,0,2),
find the vector d =a —2b +3¢ .

d =a-2b+3¢ =(1,-2,0)— 2(0,-2,-3) + 3(-1,0,2)
=(1-3,-2+4,6+6)=(-2,2,12)
nd=(=2,212)=-2i +2j +12k

E Midpoint
The midpoint of the segment line AB is the point

M such that MA+MB=0.

M B

MA MB

Ex 5. Prove that the midpoint of the segment line 4B is
given by

W_0A+OB (xA+xB y4t+yp zA+sz
2

> E

2 2 2

_— — e _— -

MA+MB =0= OA—OM +O0B-OM =0

OA+ OB = 20M:>W_M
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F Centroid
The centroid of a system of points P, P,,

point C defined by:
OF +OP, +..+ O,

n

..., P, isthe

—_—

ocC

Ex 6. Consider the triangle AUBC where A(-1,-4,1),
B(2,-3,0),and C(-4,12).
B

a) Find the centroid M of the triangle.

o 2 04+ 0B+0C _ (-1-41)+ (2,;3,0) +(-4,1,2)
C(-142-4,-4-3+11+0+2) (-3,-6,3)
3 3

=(-1,-2,1)
S M(-1,-2)

b) Use the result at part a) to show that

_— — —

MA+MB+MC =0 .

MA = (~1,-4,1) - (-1,-2,1) = (0,-2,0)

MB = (2,-3,0)— (-1,-2,1) = (3,-1,-1)

MC = (-4,12) - (-1,-2,1) = (-3,3,])

MA+MB +MC = (0,-2,0)+ (3,-1,-1) + (=3,3,1) =0

c¢) Find the midpoint N of the side BC.

oN - 0B+0C _QB0)+(41) (2222 _
2 2 2
L N(=1,-11)

d) Show that AN =3MN .

MN = (=1,~1L,1) = (~1,-2,1) = (0,1,0)
AN = (-1,-L1) - (~1,-4,1) = (0,3,0)
3MN =3(0,1,0) = (0,3,0) = AN

Ex 7. The shape ABCDEFGH is a parallelepiped. Given
A(0,1,3) , B(1,0,2), C(1,2,0), and E(4,4,4), find the

coordinates of all the other vertices. See the figure

below.
H

L
S

0A4=(0,13), OB=(1,0,2), OC =(1,2,0), OE = (4,4,4)

OD =0A+ AD = OA+ BC
=(0,1,3) +(1,2,0) - (1,0,2) = (0,3,1)
. D(0,3,1)

_— — — — —

OF = OF + EF = OF + AB
=(4,4,4)+(1,0,2)-(0,1,3)=(5,3,3)
~F(533)

—_— — — — —

OG =OE + EG = OF + AC
=(4,4,4)+(1,2,0)-(0,1,3) =(5,5,1)
- G(5,5,])

—_— — — — —

OH = OE + EH = OE + BC
=(4,4,4)+(0,2,-2)=(4,6,2)
- H(4,6,2)

G Parallelism
Two vectors @ and b are parallel (a ||5 ) if there exists

A such that @ = Ab .

Note that parallel vectors may have same direction or
opposite direction:

et

Ex 8. Prove that the vectors a =(2,4,—6) and b(-1,-2,3)
are parallel.

a=(24,-6)=-2(-1,-23)==2b=.d||b
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H Co-linearity
Three points 4, B, and C are collinear if Zﬂ\?é.

BC
AB

-7 A4

Ex 9. Prove that the points 4(2,-1,0), B(-10,2), and
C(0,1,2) are not collinear.

AB = (~1,0,2)— (2,-1,0) = (=3,1,2)
BC =(0,1,2)— (~1,0,2) = (1,1,0)

AB is not parallel to BC . Therefore the points 4, B,
and C are not collinear.

| Linear Dependency
Three vectors @, b, and ¢ are linear dependent if
there exist 4 and x such that ¢ =/15+yl; .

Note. In order to be linear dependant the vectors must
be coplanar (must belong to the same plan).

Ex 10. Prove that the vectors a =(-1,2,-3), b= (2,0,-1),
and ¢ =(-7,6,—7) are linear dependant.

Let try to find two scalars 4 and u such that
c=a+ ,ub
(=7,6,=7) = A(=1,2,-3) + u(2,0,-1)

—T==2+2u ()

6=24 ()

-7==31-u (3
2)=1=3 4
@BH=>0):-T="3+2u=>u=-2 (5
4),5)=(3):-7=-3(3)-(-2) (true)
¢=3d-2b
Therefore, the vectorsa, b, and ¢ are linear dependent.

Reading: Nelson Textbook, Pages 327-332

Homework: Nelson Textbook: Page 332 #1, 3, 5b, 7c, 11, 12, 15
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