
Unit 4 – Trigonometry 
Lesson 1: Radian measure for angles and Radian angles in Cartesian plane 
 
Part I: Radian measure for angles 
 
 
Radian Measure: 

An angle measurement can be defined as the ratio of the arc length to the radius of 
a circle: θ = #

$
 

 
For a full circle, the arc length is the circumference: C = 2πr,  
 
Therefore, the angle described by a full circle, 360° is: 360° = 2π 
 

 
∵ 360° = 2π and 180° = π 
  
∴ 𝟏° = 𝛑

𝟏𝟖𝟎°
	𝒐𝒓	𝟏	𝒓𝒂𝒅𝒊𝒂𝒏 = 𝟏𝟖𝟎°

𝛑
  

 
 

 
Example 1:  Convert each of the following angle 
 

a) 20° 
 
 

b) 225° 
 
 

c) ;<
=

 
 
 

d) 1.75 radian 
 

 
 
Part II: Radian angles in Cartesian plane 
 
Recall:  For any angle of interest (𝜃), there are three primary trigonometric ratios and three reciprocal 
trigonometric ratios.  
 
𝑠𝑖𝑛𝑒	𝑜𝑓	𝜃 = EFFEGHIJ	

KLFEIJMNGJ
,                    𝑐𝑜𝑠𝑖𝑛𝑒	𝑜𝑓	𝜃 = #PQ#RJMI	

KLFEIJMNGJ
,																			𝑡𝑎𝑛𝑔𝑒𝑛𝑡	𝑜𝑓	𝜃 = EFFEGHIJ	

#PQ#RJMI
 

 
𝑐𝑜𝑠𝑒𝑐𝑎𝑛𝑡	𝑜𝑓	𝜃 =                              𝑠𝑒𝑐𝑎𝑛𝑡	𝑜𝑓	𝜃 = 																																								𝑐𝑜𝑡𝑎𝑛𝑔𝑒𝑛𝑡	𝑜𝑓	𝜃 = 
 
 
  

 



An angle is in standard position if the vertex is at the origin and the initial arm is along the positive x-
axis. This angle can be described in terms of the point (x, y) at the end of the terminal arm. 
 

     
    where: 𝑟X = 𝑥X + 𝑦X 
 
 
    𝑠𝑖𝑛𝜃 = L

$
                           𝑐𝑜𝑠𝜃 =                             𝑡𝑎𝑛𝜃 = 

 
 
    𝑐𝑠𝑐𝜃 =	                             𝑠𝑒𝑐𝜃 =                             𝑐𝑜𝑡𝜃 = 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
 

The related acute angle (RAA) is the positive, acute angle between the nearest x-axis and the terminal 
arm. 



Example 2: Evaluate using CAST rule, RA, and special triangles.  
 

a) 𝑠𝑖𝑛 ;\
]

                                                                           b) 𝑠𝑒𝑐 ;\
^

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 3: Solve 𝑡𝑎𝑛𝜃 = − `

X^
 for 𝜃 is between -2	𝜋 and 2	𝜋.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Unit 4 – Trigonometry 
Lesson 2: Transformation of Trigonometric functions and sine/cosine/tangent graphs 
 
 
Graphing from key points  
 
For sine and cosine, use points from the x- 
and y-axes on the unit circle.  
 

𝜃 ∈ {0,
𝜋
2
, 𝜋,

3𝜋
2
, 2𝜋} 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 

    
 

 
 

 
 
 
 
 
 
 
 
 



 
For tangent, use a cycle between two 
vertical asymptotes:  
 
𝜃 ∈ {	−

𝜋
2
,−
𝜋
4
, 0,
𝜋
4
,
𝜋
2
} 

 
 
 
 
 
 
 
 
 
 

 

 

 
 
 
 
 
 
Summary: 
 

Characteristics Sine Cosine Tangent 

Domain  

 

  

Range  

 

  

Zeros  

 

  

Asymptotes  

 

  

Period  

 

  

 
 
 
 
 
 



Example 1:  

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Example 2:  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Unit 4 – Trigonometry 
Lesson 3:  Graphs of reciprocal Trig functions  
 
 
Graph: 𝑐𝑠𝑐𝜃 = f

GHMg
  

 
 
 
 
 
 
Graph: 𝑠𝑒𝑐𝜃 = f

REGg
 

 
 
 



Graph: 𝑐𝑜𝑡𝜃 = f
I#Mg

 

 
 

 
 
 
 
 
 
 
Summary: 

 
 



Unit 4 – Trigonometry 
Lesson 4:  Modelling with Trigonometric Functions 
 
 
Example 1:  

                           
 
 
 
 
 
 
 

Can the captain exit the harbor safely in the sailboat at 6 p.m? 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Example 2:  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Unit 5 – Trigonometric Identities and Equations 
Lesson 1:  Equivalent Trigonometric Functions 
 
 
Due to the periodic nature of trigonometric functions, there are multiple (infinite) ways to express 
equivalent functions.  
 

1) Using the period:  
 
Both sine and cosine have a period of 2π, which means any phase shift by a multiple of the 
period will be equivalent.  
 
𝑠𝑖𝑛𝑥 = 𝑠𝑖𝑛(𝑥 + 2𝜋) = 𝑠𝑖𝑛	(𝑥 − 2𝜋) 
 
𝑐𝑜𝑠𝑥 = 𝑐𝑜𝑠(𝑥 + 2𝜋) = 𝑐𝑜𝑠	(𝑥 − 2𝜋) 
 
𝑐𝑠𝑐𝑥 = 𝑐𝑠𝑐(𝑥 + 2𝜋) = 𝑐𝑠𝑐	(𝑥 − 2𝜋) 
 
𝑠𝑒𝑐𝑥 = 𝑠𝑒𝑐(𝑥 + 2𝜋) = 𝑠𝑒𝑐	(𝑥 − 2𝜋) 
 
similarly, for tangent and cotangent, 𝑡𝑎𝑛𝑥 = 𝑡𝑎𝑛(𝑥 + 𝜋) = 𝑡𝑎𝑛	(𝑥 − 𝜋) and 𝑐𝑜𝑡𝑥 =
𝑐𝑜𝑡(𝑥 + 𝜋) = 𝑐𝑜𝑡	(𝑥 − 𝜋) 
 
 
 

2) By symmetry:  
 
Recall, even functions: 𝑓(𝑥) = 𝑓(−𝑥) 
 

odd functions: 𝑓(−𝑥) = −𝑓(𝑥) 
 

Cosine is even (reflective symmetry across the y-axis): 𝑐𝑜𝑠𝑥 = 𝑐𝑜𝑠(−𝑥) 
 
Sine and tangent are odd (rotational symmetry): 𝑠𝑖𝑛(−𝑥) = −𝑠𝑖𝑛𝑥 
 
                                                                              𝑡𝑎𝑛(−𝑥) = −𝑡𝑎𝑛𝑥 

 
3) Using C.A.S.T rule: 

 
Recall: you can identify equivalent trigonometric expressions by comparing principal angles 
drawn in standard position in quadrants II, III, and IV with their related acute angle, θ, in 
quadrant I.  
 

 



4) Using complimentary angles: 
 
Recall: Complimentary angles add to \

X
 (or 90°) 

 
𝑠𝑖𝑛 \

]
=           𝑐𝑜𝑠 \

=
=           𝑐𝑠𝑐 \

]
=           𝑠𝑒𝑐 \

=
=           

 
𝑐𝑜𝑠 \

]
=           

 
𝑠𝑖𝑛 \

=
=           𝑠𝑒𝑐 \

]
=           𝑐𝑠𝑐 \

=
=           

𝑡𝑎𝑛 \
]
=           𝑐𝑜𝑡 \

=
=           𝑐𝑜𝑡 \

]
=           𝑡𝑎𝑛 \

=
=         

   
 
Hence: The above pattern is defined by Cofunction Identities by which describe trigonometric 
relationships between the complementary angles θ and (\

X
− θ) in a right triangles.  

 

           
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 1: Use R.A.A and cofunction identities to write an expression that is equivalent to each of the 
following expressions.  
 

a) sec X\
]
=                                                                                             b) tan `\

=
= 

 
 
 
 
 
 
 
 
 



Practice:  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Unit 5 – Trigonometric Identities and Equations 
Lesson 2: Compound angle formulas & Double angle formula 
 
Part I: Compound angle formulas 
 

 
 
 
Example 1: Simplify each expression  
 

a) 𝑐𝑜𝑠 `\
fX
𝑐𝑜𝑠 ;\

fX
+ 𝑠𝑖𝑛 `\

fX
𝑠𝑖𝑛 ;\

fX
                                               b) 𝑠𝑖𝑛2𝑥𝑐𝑜𝑠𝑥 − 𝑐𝑜𝑠2𝑥𝑠𝑖𝑛𝑥 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Example 2: Determine the exact value of 
a) 𝑐𝑜𝑠	(15°)                                                                                b) 𝑡𝑎𝑛	(− ;\

fX
	) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 



Example 3: Evaluate 𝑠𝑖𝑛	(𝑎 + 𝑏), where 𝑠𝑖𝑛𝑎 = ]
;
 and 𝑠𝑖𝑛𝑏 = ;

f]
, if a is in quadrant 1 and b is in 

quadrant 2. 	
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
Part II: Double angle formula 
 
 

 
 



Example 4: Simplify each of the following expressions and them evaluate 
 

a) 2sin \
t
𝑐𝑜𝑠 \

t
                                                                        b) 

XI#Muv
fwI#Mxuv

 

 
 
 
 
 
 
 

 
 
Example 5: If 𝑐𝑜𝑠𝜃 = − X

]
	𝑎𝑛𝑑	0 ≤ 𝜃 ≤ 2𝜋, determine the value of 𝑐𝑜𝑠2𝜃 and 𝑠𝑖𝑛2𝜃. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Practice: If  𝑡𝑎𝑛𝜃 = −]

^
, where ]\

X
≤ 𝜃 ≤ 2𝜋, calculate the value of 𝑐𝑜𝑠2𝜃. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 



Example 6: Develop a formula for 𝑠𝑖𝑛 {
X
, cos{

X
, 𝑎𝑛𝑑	𝑡𝑎𝑛 {

X
. (Half angle formula) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Practice:  

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 



Unit 5 – Trigonometric Identities and Equations 
Lesson 3: Proving Trigonometric Identities 
 
 

 
 

 
Example 1: Prove that |}~	({wL)

|}~	({�L)
= f�I#M{I#ML

fwI#M{I#ML
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



Example 2: Prove that 𝑡𝑎𝑛2𝑥 − 2𝑡𝑎𝑛2𝑥𝑠𝑖𝑛X𝑥 = 𝑠𝑖𝑛2𝑥 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
Practice: Textbook pg417 – 418.  
 

 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Unit 5 – Trigonometric Identities and Equations 
Lesson 4: Solving Linear and quadratic trigonometric equations 
 
Example: Solve each equation for 0 ≤ x ≤ 2π. 
 

a) 𝑐𝑜𝑠2𝑥 = 2𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥                                                          b) 3𝑠𝑖𝑛𝑥 + 3𝑐𝑜𝑠2𝑥 = 2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


