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The Cha.m RuIe
Vi the dcnvauvcs‘g'(x) and f (g(x)} both exist ard F= fogis
the composite function defined by F(x): = f(g(x)), then FA(x) exists
and is given by the product F'(x) = f'(g(x))g’(x); that is .

i

d " < . . '
E—xﬁg(x).)_- = f(g(x)g'(x) m
The Chain Rule in Leibniz Notation
Ify = flu), where i = g(x}, and f and g are dtffcmunablc then '
y is a differentiable funcunn of xdnd> - -

)

Find the derivatives of the-following functions.

@ Fxy =06 -3 ) Fy= (2 + 1)'m

(€) Gkx) = (¥ + x2="2)% (@) G =V =—x+1" _
() y=(1 + 3x + 493

<D

(&) y = V7 +r

4
8 y= m et @2 "'T';z' :
@y=0a+2vRF P y=VaFas

(k) y-x-—‘\/l+_x5 6x' . @y.,xu.{f_ 1y
y dy
(f@lfy— ut + Su?, whbr&u *'.rs-}- 22+ 1, ﬁnda Lcave:,rour
answer in terms of u and x.

A

@F’mddy]' iy=u2—2u5andu=x._'\‘/_;:
,-‘4 * : !
t+ 1

@Fi'nd—]- iy = VI + rlandr =
Ly 2+

Find ] lf.s‘-—v-}-s—andv-—-?;r "f

J-

(8). Flx) =
© G =~ l)“(z ~ 3x]
@) G0 = (r' =x ¥ 1}?(;-‘! - 2)3

. D1ffcrentmts Sl . . .
VA E T B F@) = (25 Didx = 1y

; x.?f-f et A +2pf
i (&) F(I] . (f) f(f) W“?‘. ;o
£ 4 1\10
) iy = (,r}, I)_f e

3 -:f-'_(2r~l-3)= R
] ¥ r ;"”."L :

Answeds:

1. @ F@ = ~21(5 — 2
(b) F'(x) = 80.:(2:’ + 1)
QG = " Ot 7 6x

B S

3 40 — |

@00 = e—arT
2 + |

4{x* + .1:)g
__33+8)

(1 4+ 3r + 4x¥)*
y L2031+ 40
(8)y @+t P 7

(h)y' = _.iz_

(9 — x0}

(e y"

]

0y

ey B+ 2V/x)
‘(I)J' vV
0y = 2Va + 1
vl 4\f}f'v.x+v,t
B
S (1 + x° ~— Gr'op
My = 2c + 10x(z? ~ 1)¢
2. (48, + 10u)(5x + 45) 3. ~117

5 1

2xt 4 |

_9\/_13

6 ) = L

. (0) F'(x) = G(8x + 3)(dx — 1)
(c) G'Gx) = (3 + 16x — 2753 (2 — 1P
fd] G(-'J = 2(.1" -x + l}(;i 8, 2};
(0 — 80 —ax? + 3 +2) .

(c) F‘(x) .i.:."i.
2 (2: + 3)1
O = 201 + 20431 ~ 61 ~ 25)
e © (3t — 5p
" e g = 2E 2P
%g £'(x) e
(11) B = 10(:z + )% 4 2 — I)
e+ ne.
(J}.v = =

SRy s DEST

‘ﬂ?-r + 3P(5x ~ 121'

G}_v' L :
“?/m—wté'
f2r+ D422« + J] : :z;




_the point (2 ) '

If F(x) ="fglon where g(2) = 4, 8'@) = 3, and f'(4) = 5, find -
F'(2). :

If Glx) = K(p(x), where A(S) = 1, h'(5) = 2, A’(1) = 3,
p(1) = 5, and p'(1) = 7, find G'(1). :

C@ If-f is a differentiable function, find expressmns for the dcnvatwcs
of the following functions.”

(a) F(x) = fi£) (B G = [
() H(x) = fiVx) (@) P() = VD
(& ¥ = fU). : @ = VIZ DL, . =n 0 .o
B)Y = [J‘W)l2 ) ¥ —ﬂ[f(x)l’) .

. ':..‘-i | = X . . =y . % 4o
g "Zx‘lx 1x1 ' .

(b) Sketch the graphs of the function f(x) = |x | and its derivative.

_ (c). Use the result of part (2) to differentiate the function g(x) = xl |

,,4 NSIErS
o '9.15' 10.14
11.. (2) F '(1} = 4x’f (r‘) (b) G'(X) =" 4[f)Pf ‘(x) o L
oA (I:J H'(x)= \/.?f (\/_)

o (d) P..Lr) = f—v% © y' = fURY .
"‘7'-'&"0? “’fﬁ—%w ®y = 4fY'ED ; B e B,

e A D)




~ 1@0&\& Duweema%»{i ¥ g Y=o
Z, Y=o

_\!/ > Differentiate each of the following:

,
™
!
-
b

a y=ek C. y =20 e y= g 3—6x+x?
b. 5=¢¥"3 d y=¢3 fy=eVx
+# s Determine the derivative of each of the fullm;.fing:
i 3 e ;
a. y=2e c. f(x) o e. h(r) = el 4 3¢~
b 3x d. f( ) -\/_Ix ‘ e |
.y =2xe . fx) = Vixe f. g(t) =
; ; =l 8() 1+ e*
¥ j@ » Determine the equation of the tangent to the curve defined b}' y= 3
at the point (0, 1). o
¥ -’%}J(E a. lff(x) = -(83‘ + e7), caleulate £(1).
b. ¥£(x) = e~&, calculate £/(0).
: c. Ifh(z) =z} (1+ e %), calculate h'(—1).
—
(o
i{% ':; Ify = %(‘ef + e‘ﬁf), prove that}'" = % .
) T = N
__&ﬁ; a. For the function y = ¢~ **, determine e de2 a.nda,—.
b. From the pattern in part a., state the value of 2.
A ;1:\?(} o Determine the first and second derivatives of each function.
a. y=—3& 7 b y=zxF c. y=e4—x)

\ -—

- #F° The distance s, in metres, fallen by a skydiver 7 seconds after jumping (and
before the paral:hutc opens) is § = 160(11 = 1 e_lli)‘
a. Determine the velocity, v, at time .
b. Show that acceleration is gwen bya =10 — lv
c. Determinew, = hm v. This is the “terminal” velocity, the constant velocity
attained when the air resistance balances the force of gravity.
d. At what time is the velocity 95% of the terminal velocity? How far has the

S

Y
B

F { skydiver fallen at that time?
)
4 ,‘C[fi a. Use a table of values and successive approximation to evaluate each
of the following:
. 1\* 4
i. Iim(1+-) ii. lim (I + x)*
X—rco X x—0 :

b. Discuss your results.



1520 % Differentiate each of the following functions:

i@z\é

K2

Cd w=100-62%7)

a. y=2%
b. ¥y = 3.+ 13 e. y= 3x?'+2 .;
c. §=10%*"3 f y= 400(2)):-{-3
"Determine the derivative of each function.

2!
a. y=x X(5)7 & ==
boy=xB)Y A S =

R

%0

Determine the equation of the tangent toy = 10% at (1, 10).
A certain radioactive material decays exponentially. The percent, P, of the

material left after ¢ years is given by P(£) = 100(1.2) ™", i
a. Determine the half-life of the substance. j
b. How fast is the substance decaymg at the point where the half-life is reached?

Historical data show that the amount of money sent out of Canada for
interest and dividend payments during the period from 1967 to 1979 can be
approximated by the model P = (5 X 10%)e%2%13¢ where ¢ is measured in
years (¢ = 0in 1967) and P is the total payment in Canadian dollars.

Determine and compare the rates of increase for the years 1968 and 1973§

P



AR 2 Derupduus of

3. X s ‘gr-'— fn?’-

., Differentiate. .
@ i) =xmx -
(c) gx) = In@x? + 1)

) 2

() g0) =In(sx)*

T i
s =

1 ()& ;-.x(Z-In.:r-:i:-l-]

= Viz

() y = sin(lnx)y - ® y = Insinx)-: 32
febe 7 , i w0 = @' =
@y="% e ®y=G+hs O =5 ch
: - @@ =1 @y = poolnd)
. . L. p—amy-
D y=lnl2x + 1] 0) y;in”l) Oy =tz @y ="
: — : .
_ o : il @y = 3.+ Inx)’(l + ;)
® y=In === 0 y=1np—-s :
2 +3 L 2B VET I My Sn 2
(m) y = In(sec x + tan x) () y = tanfln(i = 3})]' v o +21 ; 3
\ @ Ifftx) = In(in x), find f'(x). ' ) @y =-3-7 OV =35+
(b)" Find the domains of fand f' .
3., Find My == @y =ees
3, Fin the derivative of each function, ) . ’ x? + 1) ;
(a} ﬂx) lOg—;(.Z-“ 4 1} {b) g(x} - x[og.w.x v (njy' _ —35552111]{]_ 3z
2 - . = 1 - 3?.'
(c) F(-t)'= Iogg(fix ~ 8] (d) Gtx) = I_".'_I‘_’&i‘-‘-
x 2. (a)f{.rJ "'—“** @) (1, =), (! =)
\/ Find thc equation of the tangent line to each curve at the given 2x '
point, ' _ - mf""’ @ +Dh2
@ .y =InGx - 1), 2,0) x f.b) y==xIng (1,0) ® s i
9 ¥ =10%(1,10) @ ¥ = logiex, (100,2) £ ogor + £
_ N T 3
' s I " OF® = 553
tpon _ 1T-Inx=—In3
= e .
S.@x—=y-3=9 Mx—y-—1=9
() 1000 10) x — y — 10(1n 10 — D=0

z= IDUG.n 10)-y + 1002 1n 10. — 1) =,0

Pomybﬂ_?,

In Problems 573 to. 597 -differentiate thé given iu.‘nctmns.

573, y= z‘lnga:r 574, j=In%z.
575. y==zlogyz. _..17{3._5;_]?‘___]11 X

—q . .
577 y=q—- 578, y=zsinzlnz;:
570 y=r5. 580. y.=}i-:

i—Inzx
58l ¥=q¥mmz 582. y=-—> 1+ =
583.- y= ﬂlﬁ_-'-". 584, y= 1_1_]_,12.,.
585. y=In(1—2z) 586. y=ln (2—4z).-
G y=inelnz 588, y=logs (=2 —1):
( ; "_-.y..-——-"]:.ll'f-ﬂ.ﬂw.
E. y=Intsin z. ; )
593. y=(1-+1nsin =) 594. y=1log, [log, (logs z)):




/ F.ac-tm*\)f‘u,&m- 'Gf[um«\—‘ioxla'ﬁb% % DerTuedives

@ l 4 Fmdf '(=3) and f'(1) given that

:-\!'\

r
|

. x=1
‘f(x).—{Zx—l o g

¥y

y=x2

= ¥ 4 4

—3-2—1/‘ I 2 x
7N

,
SOLWUTION By definition

H—ay = i L3+ B — f(=3)
e

However, for all x sufficiently close to —3, f(x) = x2, we know
that f'(x) = 2x. Thus, f'(—3) = 2(—3) = —6. '
Now let’s find

1+h 1
£ = i AR =10

Since fis not defined by the same formula on both sides of 1, we will evaluate this -
limit by taking one-sided limits. Note that f(1) = 12 = 1.
To the left of 1, f(x) = x2. Thus

f(1+}:) 1 hm-{1+'ﬁ)=—1

.a—-cr- A=~ h
2y —
L *—*]jm(l+2h+h) 4 hm(2+h)— .
A0 h h—0-

To the right of 1, f(x) = 2x — 1. Thus
o FOEW =D o ATl
h—0+ h A0+ v h =0t .

The limit of the difference quotient exists and is 2:,
f {1+ h) SA) _

ray=



#23

You can see a similar change of direction in the gr aph of
xz,

f(x}={x+1

2t the point (1, 1). Once again, fis everywhere continuous (verify this), but it is not
dlfferenhahle at 1:

x=<1
x>1

¥
f(1+h) O PR T) el S b ST ARNP S| '
ll-bu‘ k=0~ h h—0= =
I 1 _ 1
hmf(1+h) 10y R g (1)L
h=+Q+ h—0+ h r—o+\2 2

Since these one-sided limits are different, the two-sided limit
Lt ﬁ} J(1)

e -‘1—'0

does not exist.
no derivative at 1

e

Mt Qs
_ﬁ ,’ > In Exercises 27-32, draw the gmph of each of the following
functions and indicate where it is not differentiable.

27 S =[x + 1]. 28. f(x) = |2x — 5.
29. £ = V. 30. () = |2 — 4]
oo 251

2 ={"75 352

In Brercises 33-36, find f'(¢) i it exists

0= (o 5 1EL o

34 f0).= 200 ix]z d }; =L

35, f(x) = (x’fnl; " :i;_ c=-1.

36. f(x) = «[j:f;’ i;g c=3 .

#3749 Glaotorns —g gt

M VIV W»\ W ot e dertuodtine BJT g ‘F*Wﬂ‘"w it

by 9’ dy
Di) N (2,2
\\ﬁ \;\x / |
e) ’ R 4 (




AT 'F%mwrv\% Hree [(wdts, eatin s e
Q],C/'-J‘_LAJMTJ\JQ— E“lL o ’F\.LUU\.:G,W &1 ort VTR VAPY S el (N

f(';‘ Dasteronting, «P ond O B 2ot Qo

o) pmltioL

=0 h
b) ]im-\f“l +!:—-2.
A—0 h
. cos(m+ R) + 1
C) lm =

a ., 2
FUS  Finddand s given that the function

= ¥ x=s1
=\ ix+B x>1

is differentiable atx = 1.

xt—x x=2
ﬁ?g Letyn = {Zx ~2, ¥>2,
(2) Show that fis continuous at 2.
(b) ‘Find £.(2) and £4(2).
(c) Is f differentiable at 27
4t lG ° Let /(x) =xfx,x=0.
(a) Calculate f'(x) for any x > 0.
4 «» (b} Calculate £,(0).
3 A tfx) =+1—xfor0=x=1 3
:H—)f ’ {-:) jC{agcmatef(x) for any x € (0, 1)
(b) Find f%(0), if it exists. P
(c) Find fL(1), if it exists.
g —x2 =0
:pf \é % Letflx) = {1 i:: 25 0.
(a) Find (D), if it exists.
(b) Find f4(0), if it exists.
(c) Is f differentiable at 07
of f.

#G5 Pnd P10 Gruens et W)=Y ownd ' LoY) =5

0 /W = %) o) /@) = 3 — 5.
; e d '
0) 1) =kt -5 = ) ﬂ;}=h(x)+£%)_



