Calculus and Vectors — How to get an A+

8.4 Vector and Parametric Equations of a Plane

A Planes
A plane may be determined by points and lines, There are four main possibilities as represented in the
following figure:
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a) plane determined b) plane determined c) plane determined d) plane determined
by three points by two parallel lines by two intersecting lines by a line and a point
B Vector Equation of a Plane Ex 1. A plane r is given by the following vector
Let consider a plane = . equation:

Two vectors u and v, parallel to the plane 7~ but | z:7=(-1,0,2)+5(0,0,) +¢(1,0,-1); s,t€R
not parallel between them, are called direction

vectors of the plane 7. a) Find two points on this plane.
T n If s=0,=0,then 7 =(-1,0,2)= Py(-1,02)ex .
If s=1¢=2,then 7 =(~1,0,2)+(0,0,1)+2(1,0,~1) = (1,0,1)
&L 3 A0 e
o : b) Find one line on this plane.
. 0 Let L:7=(-1,0,2)+5(0,0,); seR.
The vector F,P from a specific point Py(xy,%0.20) | . Lex

to a generic point P(x,y,z) of the plane is a linear

combination of direction vectors # and v :
Eﬁzsﬁ+t\7; s,teR

The vector equation of the plane is:

c) Find the vector equation of a line L, that passes
through the origin and is perpendicular to this plane.

A direction vector for the line L, is:

TF=Fy+su+tv; s,teR l J ok i
uxv=0 0 1 0 0 =(0,1,0)
1 0 -11 0

L, :7=¢q0,,0); geRrR

C Parametric Equations of a Plane Ex 2. Convert the vector equation to the parametric
Let write vector equation of the plane as: equations.
(x,y,Z):(XO,yo,Z0)+S(Mx,uy,MZ)+t(Vx,Vy,Vz) 7:(—1,0,2)+S(O,1,—1)+t(1,—2,0); S,tER
or: (x,»,2) =(=10,2) +s(0,L,-1) +1(1,-2,0); s,r€R

X=Xy +Su,+tv, x=-1+¢

y=yotsu,+tv, ; steR Say=s—=2t ; steR

z=zy+su, +1v, z=2-s

These are the parametric

equations of a line. Ex 3. Convert the parametric equations to the vector

equation.
x=1+s-2¢
y=3¢ ; s,teR
z=4-5s
S F=(1,04)+5(1L,0,-1)+#(-2,3,0); s,teR
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Ex 4. (Plane determined by three points)

Find the vector equation of the plane 7 that
passes through the points 4(0,1,-1), B(2,-1,0), and
C(0,0,1) .

Let 7, =04 =(0,1,-1), ii = AB=(2,-2,]), and
V=AC= (0,-1,2) . Then:

77 =(0,L-1)+5(2,-2,)+£(0,~1,2); s,teR

Ex 5. (Plane determined by two parallel and distinct
lines)

Find the vector and parametric equations of the plane =
that contains the following parallel and distinct lines:

L :7=121)+s(0,-1,-2); seR

L, :7=(3,4,0)+1(0,1,2);

teR

Let 1) =71y, =(3,4,0), u =7y — 7y, =(-2,-2,1), and
v=u, =(0,12). Then:

s =(3,4,0)+5(-2,-2,1) +£(0,1,2);
and

s,teR

x=3-2s
Smisy=4-2s+t ; s,t€eR

z=85+2t

Ex 6. (Plane determined by two intersecting lines)
Find the vector equation of the plane 7
determined by the following intersecting lines.

L :7=(0,0)+5(-1,0,0); seR

L, 17 =(-3,0,1)+1(0,0,2);

teR

7, \ 5
Let first find the point of intersection.

0=0
1=1+2t

Py=L "L, = Py =(-30,)

Let 7, = OB, =(=3,0,]), @i =ii, =(0,0,2) , and

v =u, =(-1,0,0). Then:

o7 = (=3,0,1) +5(0,0,2) + £(=1,0,0);

=>s=-3andt=0

s,teR

Ex 7. (Plane determined by a line and an external point)
Find the vector equation of the plane  that passes
through the origin and contains the line
L:7=(0,1,2)+1(-1,0,3);

teR.

0/’70

Let 7, =(0,0,0), u =(-10,3), and
v =(0,1,2)—(0,0,0) = (0,1,2) . Then the vector equation of
the plane 7 is:

~rir=s(-1,03)+1(0,1,2); s,teR

Reading: Nelson Textbook, Pages 453-458

Homework: Nelson Textbook: Page 459 #1, 2, 4, 6b, 7, 9, 10, 15
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