Chapter 7: Trigonometry of Right Angles
Chapter 8: Trigonometry of Acute Angles

Key formulas:

1. Pythagorean Theorem:
rr=x*+y> €r=,/x2+y? <€ c’>=a’+b? € used forright angles only
c2=va? +b? € c=va? +b?

2. Trigonometric ratios:

Standard Trig. Abbreviation

Functions

SOH CAH TOA

sine sin(6) sin(Q)= —prosite _ opp _ Y
hypotenuse hyp T

cosine cos(6) cos(6) = % - % - ’r_f

tangent tan(6) tan(g) = 2EROSite _ opp_ Y

adjacent - adj x

Reciprocal Functions

sine € cosecant csc(8) 1 csc(0) = 1 hyp _ T

- sin(6) sin(0) - opp Yy
cosine € secant ) = — -t _Mp_r
sec( ) - cos(0) sec(9) - cos(6) - Hj T x

tangent € cotangent cot(6) = tanl(e) cot(6) = tanl(e) - :;;:g

3. Sine Law €= Acute Angles

a _ b _ c
Sine(A) ~ Sine(B) _ Sine(C)

4. Cosine Law € Acute Angles
a? = b*+ c? - 2bc(cos(A))
b% = a%+ ¢ - 2ac(cos(B))
c* = a%+ b%*-2ab(cos(C))




Getting Started

i)

Iom

4 cm

ii) %urS:S ordtos

WORDS YOU NEED to Know

1. Match cach term with the example or diagram thar best represents it
a) rado ¢} congruent trianglcs e) hypotcnusc:

b) proportion d) Pythagun:an theorem ) acurt:anglc

iii)

i) === vi)

Terms Diagram
ratio ii)
proportion iv)
Congruent triangles v)
Pythagorean theorem iii
hypotenuse i)

Acute angle vi)
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Analysis of a Unit Circle
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Formula(s):
1. Ay =rise = Y2—V1
2. AX=run=X- X1
3, Slope=m=2Y - Ise_y2-y1
AX run x2-x1
4, r:,/X2+y2
5. length=L=r= /(x2 =xD)? + (y2 = y1)?




By Definition:

Trigonometry
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__4— Trigonometryds about the study of ratios
tangent ==¢ opposite / adjacent

sine = QIpposite / hyptotenuse

- cosine =3> adjacent / hypotenuse

-

6, angle pronounced theta

Memory Technique for Trigonometric identities:

SOH CAH TOA
. opposite o
sin(0)= —BP2S2_ _ PP _ Y
hypotenuse  hyp T
adjacent adj x
cos(f) = === 2 _ 2
hypotenuse hyp r

opposite opp y
tan() =———=—-==
( ) adjacent adj x

_ 1 _hyp _ r
CSC(B) B sin(0) - opp B y

_ 1 _ hyp _ T
sec(G) - cos(6) - adj T x

_ 1 _adj_f
COt(G) - tan(0) - opp - y
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tan(6)
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adjacent _ x

cos(6)

hypotenuse T r
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sin(6)= opposite _ y

hypotenuse T r
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By definition:

opposite y

Sln(9)= hypotenuse - 7
COS(@) _ adjacent _Xx
hypotenuse r
it
tan(@) _ Opposite _y

adjacent T x

What happens when (§ =0°) € r=1,x=1,y=0

COS(9)= adjacent _Xx
hypotenuse r
1

cos(0) = 1= 1

If we go to the unit circle, at 0° or point(x, y) = (1, 0), the cos(0°)=1

. it
sin(6) = opposite _ y

hypotenuse Tr

if we go to the unit circle, at 0° or point(x, y) = (1, 0), the sin(0°) = % =0

opposite _ y

tan(@) = =-=0

[l K=

adjacent T x



What happens when (8 =90°) € r=1,x=0,y=1

If we go to the unit circle, at 90° or point(x, y) = (0, 1), the cos(90°)= 0

COS(9)= adjacent x

hypotenuse T r
° 0
cos(90°) = 1= 0

at 90°

sin(90°)= opposite X: 1= 1

hypotenuse T or I

if we go to the unit circle, at 0° or point(x, y) = (1, 0), the tan(90°)

opposite 1
2PPOT _ Y = 2= o0 = unknown
adjacent x 0

tan(90°) =
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What happens when (6 =180°) € r=1,x=-1,y=0
Point on circle(x, y) = (-1, 0)

If we go to the unit circle, at 180° or point(x, y) = (-1, 0)

adjacent x
cos(f) = —J2emt_ _ X

hypotenuse r
. opposite
sin(f)= —22 = - 2

hypotenuse T or

it
tan(6) = opposite _y

adjacent T x
At (180°) the trigonometric values are

cos((180°) = 2djacent _ X _ 2o

hypotenuse r

sin(180°) = —2Prosite__ X:%:o

hypotenuse T or

tan(180°) = 2PRosite (Y _ 0 _

adjacent Tx -1
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What happens when (6 =270°) €r=1,x=0,y=-1
Point on circle(x, y) = (0, -1)

adjacent x
cos(0) = i

hypotenuse r
. opposite
sin(9)= —£2 =2

hypotenuse T or

opposite _y

tan(@) =

adjacent T x

At (270°) the trigonometric values are

adjacent x -
cos((270°) = =L = 2= — =
hypotenuse r
. ° opposite y -1
sm(270 )=—= ==—=-1
hypotenuse r 1
° opposite -1
tan(270°) = ——— = — = oo = unknown
adjacent 0

(e AT
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At (6 = 360°), we have traversed the whole circle and are back at point(x, y) = (1, 0), which is the same

As (6 = 0°)
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What happens when (8 =360°) sameas (§=0°) €r=1,x=1,y=0
Point on circle(x, y) = (1, 0)

adjacent x
cos(f) = —J2emt_ _ X

hypotenuse r
. opposite
sin(f)= —22 = - 2

hypotenuse T r

it
tan(6) = opposite _y

adjacent T x

At (360°) same as 360°, the trigonometric values are

cos((360°) = —2ajacent _ X _ %: 1

hypotenuse Ty

sin(360°) = 2Lt - X2 29

hypotenuse Tr

tan(360°) = 22RoSIe _ Y _ %:o

adjacent T x
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Date Created: Tuesday, October 19th, 2021

Review of Identities for Trigonometric Functions:

By Definition:

Trigonometry
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6, angle pronounced theta

Memory Technique for Trigonometric identities:

SOH CAH TOA
. _ opposite _ opp _ y
Sm(e)_ hypotenuse - hyp r

adjacent adj x
cos(f)= ———=—= =
( ) hypotenuse hyp r

opposite opp y
tan() =———=—-=
( ) adjacent adj x

1 hyp _r

Sl =@ o ¥
-1 _hp_r

sec(9) - cos(6) - adj T ox
=1 _adj x

COt(G) B tan(6) B opp - y
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Example 1:
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Question 1:

Solution: to utilize the Pythagorean Theorem.
C=a’+b? |
c=V/9+16
c=+25=5
opp=4

Adj=3
Hyp =5

Question 1:
Find the length of the missing side.

Question 2:
Find the values of all 6 trigonmetric
identities

13



Question 2:

Solution: Find all the values of the trigonometric identities.

opp=4
Adj=3
Hyp =5
SOH CAH TOA
sine sin(6) Sin(g)zmz orp _ 4
hypotenuse hyp 5
cosine cos(6) cos(f) = _adjacent _adj _ 3
hypotenuse hyp 5
tangent tan(6) tan(g) = 2LRosite _ ovp_ %
adjacent adj 3
cosecant -_1 -t _hp_>5
csc(0) sin(0) csc(0) sin(8) opp 4
secant - -1 _hwp_53
SEC(@) cos(0) sec(G) cos(0) adj 3
cotangent -_1 __1 _adj_3
COt(@) tan(60) COt(G) tan(8) opp 4
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Example 2:

/,«- Question 1: Find the length of the opposite
— / side the angle.
\ -:/ Question 2: Find all the trigonometric values
e = D of all the 6 identities.
- T (- W
- Y I
— !
X 7
'i/-/' L e
A -
// )™
&
Al A

Question 1: Find the length of the opposite side of the angle Theta (0)

Use Pythagorean Theorem:
c2=a’+b?

c2=a? +b?

b= (7~ G

b= (7 = @2

b=+/289 — 64 =1/225

b =15 € This is length of opposite side.

opp =15
Adj=8
Hyp =17

Once we have all the lengths of the three sides, we can calculate the ratios of the trigonometric
functions.

15



Example 2:

Question 2: Find all the values of the trigonometric identities.

opp =15
Adj=8
Hyp =17
SOH CAH TOA
sine sin() sin(g)= —prosite__ opp _ 15
hypotenuse hyp 17
cosine cos(6) cos(8) = _adjacent _adj 8
hypotenuse hyp 17
tangent tan(6) tan(g) = 2LRosite _ ovp_ 15
adjacent adj 8
cosecant -_1 -t _hp_ 1
CSC(@) sin(@) CSC(O) sin(6) opp 15
secant - -1 _hwp_17
SEC(@) cos(60) sec(G) cos(@) adj 8
cotangent -_1 -1 _adj_38
COt(@) tan(60) COt(G) tan(f) opp 15

16



Example 3:

Question 1:
Find the length of the opposite side to the
angle.

Question 2:

Find all the values of the trigonmetric
identities.

Question 1: Find the length of the opposite side of the angle Theta (0)

Use Pythagorean Theorem:

c2=a’+b?

c?=a’ +b?

b=/(25)% - (15)

b=v625—225

b=+/400

b =20 € This is length of opposite side.
opp =20
Adj =15
Hyp =25
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Example 3:
Question 2: Find all the values of the trigonometric identities.

opp =20
Adj = 15
Hyp = 25
SOH CAH TOA
sine sin(6) sin(g)= —pLostte__ opp _ 20 _ 4
hypotenuse hyp 25 5
cosine cos(6) cos(g) = —24jacent _adj _ 15 _3
hypotenuse hyp 25 5
tangent tan(0) tan(g) = 2LRosite _ovp_20 _%
adjacent adj 15 3
cosecant -1 =1 _Mhp_25_5
csc(0) sin(0) csc(0) sin(6) opp 20 4
secant = -1 _hp_ 2.5
sec(6) cos(6) sec(6) cos(f) adj 15 3
cotangent S -1 _ed_15_3
COt(@) tan(6) COt(G) tan(d) opp 20 4




Example 4:

Question 1: Find the value or length of x,
which is opposite side of the angle.

Logic/Reasoning:
What trigonmetric function should we use to
find the value of x.

We have 6 trigonometric identities.
Which one should we use to find the value of x?

6 =38°
adj=42

opposite o x
tan(f) = 2222 = PP ~
adjacent 42 42

tan( 38°) = % € isolate and solve for x; Multiply both sides by 42.

(42) tan(38°) = 4"—2 (42)

x =(42) tan(38°)
x =42 (0.781285)

x=32.81

19



Example 5:

R D
£ -
I- | ’_l\i i
A _ . !\ Question 1:
,‘f-\'.",-L. \ - -\ . What trigometric identity do we use to find the value of x.
W '\_\
a
B}
! \\\
—— ",
SOH CAH TOA

The trigonometric identity that we use that has hypotenuse, and adjacent angle is the cosine identity.

0 =54°
hyp =26
solve for x.

cos(54°) = adj _ X € isolate and solve for x; Multiply both sides by 26.
hyp 26

(26) cos(54°) = % (26)
x = (26) cos(54°)
x =(26) (0.587785)

x =15.28

Tomorrow, we will at least do four (4) more examples for these trigonometric identities.

20



Activity 13:

Identify all the 6 trigonometric identities.

1.

Standard Trig.
Functions

Abbreviation

SOH CAH TOA

Reciprocal Functions

21




Date Created: Wednesday, October 20, 2021

Review: now

SOH CAH TOA
(0] . Opposite
S=—=sine= —PnC
H Hypotenuse
A . Adjacent
C=—==cosine = ———
H Hypotenuse
0] Opposite
T=—=tangent = —PPos
A Adjecent

Goal: To further understand and expose student to reverse functions of the standard trigonometric
functions.

SOH CAH TOA

ACTIVITY 14: -
Complete the table sin(8), cos(8), tan(8) of the angles in table below for angles provided.
Complete the table sin}(x), cos}(x), tan™(x) for the ratios below.

Trigonometric | Abbreviation Specific Value Inverse
Function Angles (Ratio) Function
0
sine sin(@) 6=0° 0 acrsine sin}(0) 0°
6 =30° 0.5 sin"}(0.5) 30°
0 = 45° 0.7071 sin}(0.7071) 45°
6 =60° 0.8660 sin"}(0.8660) 59.997
6 = 90° 1 sin}(1) 1
add 90° to
above
6 =120° 0.8660
6 =135° 0.7071
6 = 150° 0.50
6 =180° 0
add 90° to
above
0 =210° -0.50
6 =225° -0.7071
0 =240° -0.8660
6 =270° -1




add 90° to
above

6 =300°
6 =315°

6 =330°

6 =360°

-0.8660
-0.7071
-0.50

23




Trigonometric | Abbreviation Specific Value Inverse
Function Angles (Ratio) Function
0
cosine cos(6) 6=0° 1 acrcosine | cos™(1) 0°
6 =30° 0.8660
6 =45° 0.7071
6 =60° 0.50
6 =90° 0
add 90° to
above
6 =120° -0.50
6 =135° -0.7071
6 =150° -0.8666
6 =180° -1.0
add 90° to
above
6 =210°
6 =225°
0 =240° 0
6 =270°
add 90° to
above
6 =300°
0 =315° 1.0
0 =330°
0 =360°

24




Trigonometric
Function

Abbreviation

Specific
Angles
0

Value
(Ratio)

Inverse
Function

tangent

tan(60)

6=0°
0 =30°
0 =45°
0 =60°
0 =90°

add 90° to
above

6 =120°
6 =135°
6 =150°
6 =180°

add 90° to
above

6 =210°
6 =225°

0 = 240°

6 =270°

add 90° to
above

6 =300°
6 =315°
6 =330°
6 =360°

0
0.57735
1
1.73205
unknown

acrtan

tan*(0)

25




Analysis of Standard unit Circle:

1.
2.
3.

Positive, Negative values of coordinates for each Quadrant
Reflection of values of points in other quadrants changes sign of values
In a unit circle Point(x, y) = Point(cos(8), sin(8)): The value of x = cos(8), the vale of y = sin(6)

Analyzing Quadrants for
(x, v) = positive and negative values

Q1(xy) = (+, +)
Q2(x, v) =(-, +)

Q3(x, y) = (-, ")
Q4a(x, v) = (+-)
o
L (fl0)

26
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Example 6:

SOH CAH TOA

sin(@) =

Hypotenuse

sin(32°) =1x—2

solve for x.
. o 12
sin(32°) = .

(x) sin(32°)=12

w= 12
"~ sin(32°)
12
X = =22.64
0.52992

Opposite

Question:

What trigonometric function should we use

to calculate then length or value of x?

28



Example 7:

SOH CAH TOA

0 Opposite

T=—=tangent = —PPO>C

A Adjecent
Opposite 5

tan(f) = 222 - 22125

Adjecent 4
tan(8) =1.25
tan’(tan(0)) = tan*(1.25)
6 =tan(1.25)

0 =51.34°

Question:

What trigomometric function should we to

find the size of the angle theta.

29



Example 8:

SOH CAH TOA

Adjecent

A .
C=—==cosine =
H

Adjecent _ 3
Hypotenuse 7

cos(@) =
cos™(cos(0)) = COS'l(%)

6= cos'l(g)

0 =64.62°

Hypotenuse

Question:
Find the size of the angle theta based soley
on the facts given.

30



Example 9:

Question:

Based on the given facts in the diagram,
what trigonometric function can we use to
calculate the angle?

SOH CAH TOA

Opposite
H Hypotenuse

0 .
S=—=gsine =

. Opposite _ 5
sin(f) = —LP2e _ >

Hypotenuse 6

sin*(sin(9)) = sin(%)
—einl(®

6 =sin™()

0 = 56.44°



Date Created: Thursday, Oct. 21°%, 2021

Word Problem: Similar Triangles — All the angles are the same size, and the length of the sides are a
ratio to the other triangle.

Example 1:

Objective: To measure the height of a tree

To measure the height of a tree, Cynthia has her little brother, BR, stand so that the tip of his shadow
coincides with the tip of the tree’s shadow, at Point C.

Cynthia’s brother, who is 1.2 m tall, is 4.2 m from Cynthia, who is standing at C, and 6.5 m from the base
of the tree. Find the height of the tree TE. Solve to the nearest tenth of a metre.

Objective: Find TE

TE BR
—=— &= |solate TE
EC RC

TE=28y EC
RC

TE==2%10.7 = 3.057
4.2
TE = 3.1 metres.

32



Literacy:
To solve a triangle - means to find all the six (6) measurements of a

triangle:

1. 3 sides
2. 3 angles.

Example: 2 — Solve a triangle.

—— r
=R ) "-H“: | T
. . \ L"'\.
e o
| = -
2! — ) P :
T x.“],_\'_. —
-\-\--\-""\-.._\_
.
e
T o
-\-\""'-\.\__\_ l\_.r'lll
-\-\-'h
-\-\--\-"‘-\-.._\_

™ e

| — T

r H-\-\""'-\.._

o

i
5
| M

Solution:
Label all the sides according to the labels required.

Find Angle <C.

<C=180°-30°-90°
<C=180°-120°

<C=60°

33



Find side b, which is the hypotenuse:

SOH CAH TOA
A . Adjecent
C=2=cosine =
H Hypotenuse
Adjecent
cos(@) = SAJECE
Hypotenuse
Adjecent Adjecent
cos(0) = J =24
Hypotenuse b
Adjecent 20
cos(30°) = Lajecent =2
Hypotenuse b
20 20
b= =23.094

c0s(30°) _ cos(30%)

Find side a:

TOA
o Opposite
T=-==tangent = L
A Adjacent
Opposite
tan(g) = —ER2
Adjacent
Opposite  Oppisite
tan(g) = —LP2 _ ZPP
Adjacent 20
Opposite ¢
tan(30°) = L2222 - &

Adjacent 20

¢ = (20) tan(30°) = (20) (0.57735)

c=11.547

3 Angles 3 sides
a=11.547 <A=30°
b =23.094 <B=90°
c=20 <C=60°
A — &
e
DL D NTA

Question: Solve the triangle.
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Vocabulary:

Angle of Depression: -

- is the angle below the horizontal
- also called the angle of declination.

Angle of Elevation: -

- angle measurement above the horizontal.

- also called the angle of inclination.

T angle of -
——___ depression

>
18
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Example 3:

Kim and Yuri live in apartment buildings next to each other that are 30 meters apart as shown
in diagram.

The angle of depression from Kim’s balcony to where Yuri’s building meets the ground at a 40°
angle.

The angle of elevation from Kim’s balcony to Yuri’s balcony is at a 20°
Objective:

1. How high is Kim’s balcony above the ground to the nearest meter? Here we are
determining the vertical height of Kim’s apartment and label k in the diagram.
2. How high is Yuri’s balcony above the ground to the nearest meter?

LW~ e llo i b L] SOV 1N FOIEr

Yuri's
building
Kim's )
building N

T I

e _r :In'

< J -'Ff = I

Iy r -
o, .| L= 1
S WL 3 .I
\ w
\-,\-f' |
-

H\H t |
\""\ i {-
, i 7=

\\ 1

S, I

., '
T 1 —
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Let k be the height of Kim’s apartment above the ground.
We have one known side of the triangle, which is 30 meters, which is the adjacent side to the
both angles 40°, and 20°, which are the angles of depression and elevation respectively.

TOA
Opposite
tan(g) = —22C
Adjacent
Opposite k
tan(40°) = 2222 = =
Adjacent 30
solve for k

k = (30) tan(40°)

k = (30) (0.839099) = 25.1730
k = 25 metres.

Let y be the height of Yuri’s apartment from Kim’s apartment.

solve fory

SOH CAH TOA

TOA

Opposite
tan() = ————
() Adjacent

Y it
tan(20°) = SPEOE - L

Adjacent T 30

y = (30) tan(20°)
y =(30) (0.363970) = 10.919
y = 11 metres.
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Therefore, the height of Yuri’'s apartment relative to Kim'’s is 11 meters.
The total height of Yuri’'s apartment relative to the ground is 11 + 25 = 36 meters.

The vertical height for Kim’s apartment relative to the round is 25 meters.

Yuri's
hu'ldl“g
Kim's M -
building Y
o I | o ) \
e r :f ¥ ,"!,2: ~
e Y | h |
~o Y up® N fo 11
‘\\-) v | i 14 ;f' - ¢ |
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g t_l % b
~ \ AT
N i L
|~ 1
| — v
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Activity 15: Find the distance between two people from the based of a flag pole.

Word Problem:

Jack and Sangita are facing each other on the opposite sides of a 10-metre flagpole.

From Jack’s point of view, the top of the flagpole is at an angle of elevation of 50°.

From Sangita’s point of view, the top of the flagpole is at an angle of elevation of 35°.

Question: How far apart are the Jack and Sangita?

Find the distance between Jack and Sangita?
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Topic: Trigonometry of Acute Angles.

Vocabulary: -

sine law
Cosine law
Trigonometry comes from two Greek words, that together means “measurement of triangles”.

Triangles are special!! Any polygon can be split into two or more triangles. If you can solve
triangles, you can solve many more complex polygons.

1. The Sine law:

Sine Law €= Acute Angles

a _ b _ c
Sine(4) Sine(B) Sine(C)

The Sine Law is the relationship between, the sides and their opposite angles in any acute
triangle A ABC

Develop the Sine Law

Step 1: Focus on AAXC

Find the height h in terms of other sides.

. 0] . Opposite
sinC=S===sine C = —P"¢_
H Hypotenuse

40



Develop the Sine Law

Solve for h.

SOH CAH TOA

sin A=sine 4 = _Opposite
Hypotenuse

. h
ynA-z

h =b - sin A € focusing on triangle AAXC

Step 2: Focus on ABXC

Find the height h in terms of other sides.

. . Opposite
sin B = sine B = —E22%¢
Hypotenuse

. h
sinB=-
a

h = a-sin B € focusing on triangle ABXC

Step 3: Equate both h equation of triangles: AAXC and ABXC

h=b-:sinA;h=a-sinB
b-sinA=a-sin B <€ divide both sides by sin B

b-sinA _a-sinB

sin B sin B

b:sinA_ . & divide both sides by sin A

sin B

a

— = — € Similarity we can do the same for the other triangle.
sinA sinB
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Date Created: Friday, October 21°, 2021

Date Modified: Friday, February 23", 2023

Completion of derivation of Sine Law for SL

inC

The above process can be repeated using a different altitude. See diagram below:

Complete Derivation of Sine Law:

Step 4: Focus on ACYA

SOH CAH TOA
sinC=sineC = _Opposite
Hypotenuse
. h
sinC= >
h=b-sinC

Step 5: Focus on ABYA

. . Opposite
sin B = sine B = 2P
Hypotenuse
. h
sinB=-
c
h=c-sinB
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Step 6: Equate both h equation of triangles: ACYA and ABYA

h=b-sinC
h=c-sinB

b-sin C=c-sin B € divide both sides by sin B

b:sin C _c-sin B

sinB ~ sinB
b-sin C Lo . .
, = ¢ € divide both sides by sin C
sin B
b-sinC _ ¢

sinB-sin C sin C

b c

sin B sin C

a _ b
sinA_ sinB

Include

a b C . .
—=——=—— € Sine Law developed from diagram above.
sinA sinB sinC
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Example 1: Find a side length using the Sine Law:

A bicycle path forms a 66° angle with one lock of a canal.
At a distance of 2.5 km along the bicycle path, the angle separating this lock from the next lock is 52°.

How far apart are the two locks, to the nearest tenth of a km.

N\
Lock

N N

S NN

9 L
. ‘gﬂ L ."

Lock 2

_—
|

-

Using the Sine Law:

b c

sin B sin C

<B=180°-66°-52°
<B=62°

b c

sin62°  sin52°

_b-sin52°
~ sine62°

_ (2.5)-(0.78801)

(0.88294)
c=2.2311km
c=2.2km

By using the Sine Law, Lock 1 and Lock 2 are 2.2 km apart.



Example 2: Find an angle using the Sine Law:

In an acute ATUV,

given:
TU=11.1cm
Uv=58cm
<T=31°
T f,,»'*'#
.-f-""'f/fl:-::x_
- —
T =n® —
l e -
w i [ 4
N Lo Il.

Find the measurement of the <V, to the nearest degree.

Using the Sine Law:

t v u

sinT sinV sinU

sinT _sinV _sinU

t v u

sinT _sinV

t v

v-sinT
t

sinV =

. (11.1) - sin 31°

sin V=—"——"
5.8

_ (11.1) - (0.515038)
- 5.8

inV

sin V = 0.985676
sin“1(sin V) = sin"1(0.985676)
<V = 80.29°

<V = 80° is the nearest degree.

45



Activity 16: Using the Sine Law — Find the Perimeter Length of the Bermuda Triangle:

Use the information given on the diagram to determine the perimeter of the Bermuda Triangle, to the
nearest kilometer.

M is the label for the city of Miami.
B is the label for Bermuda.
Sis the label for the city of San Juan of Portico Rico.

Let s is the length of distance between Miami and Bermuda.
Let m is the length in km distance between San Juan and Bermuda.

Find the Total length (Perimeter) to the nearest km.

Hint: Use the Sine Law.
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The Cosine Law: - is the relationship between the cosine of an angle and its lengths of the three sides in

any acute A ABC.
A
- AN
/// ! \\\
e AN
A /// [ N\ T
! /_/ ' b
g [ N
/ N N
’ | A ,
7 )/ AN
/4’ L
b1
M ) . N\ .
!-'__',\ £ L . _l:_-“‘ J'.' \ =
.IJ ‘\.1 --_: -L-o— _-_ __ - _'\? 'i‘- :
h T
" I
= _—

The Cosine Law relates to the cosine of any angle to the three side lengths of an acute triangle.

To derive the Cosine Law, draw a triangle and add the altitude, h, from on of the vertices.
The altitude splits AABC into two right angle triangles AADC and ABDC.

Let AD =x.

LetDB=c—x.

Step 1: Focus on AADC

From the Pythagorean Theorem:
b?=x2+h?

SOH CAH TOA

Also, cosine ration gives:

Adjacent x
COSA=———=—-
Hypotenuse b

Xx=b-cosA

Step 2: Focus on ABDC

From the Pythagorean Theorem:
a’=h%+ (c—x)? € expand term

a?=h2+c? - 2cx + x? € rearrange formula
a?=x?+h%+c?—2cx

a?=(x*+h?)+c?-2cx
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a?=(x>+h?)+c?-2cx

From step 1, previous triangle AADC

b?=x2+ h? € substitute into equation below.
a?=(x*+h?)+c?-2cx

a?=b?+c?—2cx

From step 1, previous triangle AADC

x=b-cos A € substitute into equation below.
a?=b?+c?—2cx

a?=b2+c?-2c(b-cosA)
a2 =b?+c?-2bc(cos A)

-« formula below, lets you calculate the length of a, if you know the lengths of b, and c, and
the <A.

a2 =b?+ c? - 2bc(cos A)
Similarly, you can derive the other two formulas for the other sides the same way.
b? = a2 + ¢ — 2ac(cos B)
c?=a’+ b?-2ab(cos C)

Literacy Connection:

A contained angle is the interior angle that is formed at the vertex of the two adjacent sides in
a triangle.

If we have a contained angle, we can solve for the side opposite side (b) to the <B.

Example of a contained Angle

The sides a and c contains <B
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Example 1: Find length of side b using the Cosine Law:

Occasionally, when a ship’s navigational systems are not working, a ship’s captain can use trigonometry
to find important distances and directions.

It is very important for ships to avoid hazards such as rocks that protrude through shallow waters.
In the example below, the boat is sailing North through a narrow straight marked by distance d.

A lighthouse (L) marks the Western Shoreline, while a buoy indicates a rock hazard (R) directly east of
the lighthouse, as shown in diagram below.

The <Bis 26°, r=4.2km, | =4.5 km

What width is the section of the straight (mark b) to the nearest tenth of a kilometer?

Lighthouse
Wy L'.‘J
dh AN
/ \ IH.u.::k'.-
| RS~
1 f ——— } - \_;;-l:»'.J\._ b
- Y aa) S
\\ |
A {
\.\ S T=45
r=4.2 km \ | Fa km
N\ =/
A= 11/
"\. —
Sailboat (— /™
K =
o J

Question: Can we use the Sine Law to solve this problem?
Response: NO! This problem can not be solved with Sine Law since we do not have one complete ratio.

sinL _sinR _sinB

1 r b

Substitute Given facts:

sinL. _sinR _ sin 26°

4.5 4.2 b
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Solve the Problem above with the Cosine Law:

b2 =r%+ 2= 2rl(cos B)
Substitute values:

<Bis 26°
r=4.2 km
| =4.5km

b = (4.2)2 + (4.5)% — 2(4.2)(4.5)(cos 26°)
b? = 17.64 + 20.25 — (37.8)(0.898794)
b?=37.89 - 33.9744

b?=3.9155
b=+3.9155=1.9787

b = 2.0 km.

<« The width of the straight is approximately 2.0 km
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Example 2: Solve the Triangle:

In acute triangle ADEF, d =4.9 cm, f =6.2 cm and <E = 64°. Solve ADEF.
To solve a triangle means to find the values for the 3 sides and 3 angles.

Round the measurements to the nearest degree or the tenth of a centimeter.

f ‘x__
| P
M
///
N
f=6.2cm // N
] I
// '\"-. ;/
//
d \
/’/ cl
yan ¥ f\‘-.
i~ // | ‘2-:' I " W
) ‘ - 3\
/ 1
d= 4.9 cm

Note: <E is a contained interior angle of sides f, d of known values.
Since we know the measurements of <E, and values sides f, d, we can determine the length of side e.
Using the Cosine Law for the triangle above ADEF:

e? = d? + f2 — 2df(cos E)

d=4.9
f=6.2
<E=64°

e?2=(4.9)2+(6.2)2—2(4.9)(6.2)(cos 64°)
e?=24.01 + 38.44 — 2(4.9)(6.2) (cos 64°)

e? = 62.45 — 60.76(0.4383711)
e?=62.45-26.6354
e?=35.381

VeZ =+/35.81

e=598cm
e=6.0cm



Using the Sine Law:

sinF sinE sinD

f e d

sinD _sinE
d e

d-sinE

sinD =

d=49
e = 6.0 (Just calculated)
<E =64°

. (4.9) - sin 64°
sinD=—"—"
6.0

_ (4.9) - (0.898794)
- 6.0

inD

sin D = 0.734015
sin!(sin D) = sin-1(0.734015)
<D = 47.22°

<D = 47°is the nearest degree.

Total interior angles of a Triangle is 180°.

<F=180°-64°-47°
<F=180°-111°

<F=69°

Solving triangle ADEF is a following:
Sides:

d=49

e = 6.0 (Just calculated)

f=6.2

Angles:

<D = 47° (Just calculated)
<E = 64°

<F = 69° (Just calculated)
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Activity 17: Use the Cosine Law to find the distance between two objects:

Hot Air
Ballon
o ()
4
\
D7
. \ |{=
P

School

Chandra is riding in a hot-air balloon and spots her house and her school. She estimates
how far away they are from her, and the angle separating their lines of sight, as shown in
above.

1. How far apart is Chandra’s house and school, that is, solve for b.



